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Abstract. The decrement of input proportions in DEA model is associated with its input reduction. This reduction is 
apparently good for economy since it could reduce unnecessary cost resources. However, in some situations the 
reduction of relevant inputs such as labour could create social problems. Such inputs should thus be maintained or 
increased. This paper develops an advanced radial DEA model dealing with mixed integer linear programming to 
improve integer output values through the combination of inputs. The model can deal with real input values and integer 
output values. This model is valuable for situations dealing with input combination to improve integer output values as 




Data envelopment analysis (DEA) was formally developed by Cooper, Charnes and Rhodes [1] based 
on the research of Farrell [1,2]. Its main purpose is to estimate the efficient frontier and technical efficiency 
of production. DEA provides a non-parametric approach for evaluating the performance of a set of 
homogenous units called decision making units (DMUs) by converting their multiple inputs into multiple 
outputs [4,5]. This ability of DEA has been used in different types of business firms and organizations such 
as tertiary education institutions, schools, hospitals and health care centres [6]. Linear programming 
deemed the backbone of DEA [7]. 
 In conventional DEA models, the minimum input values and maximum output values are preferred. 
Therefore, DMU under evaluation can be more efficient than other DMUs in a statistical sample if the 
DMU consumes lower levels of inputs to produce higher levels of outputs or maintain the same amount of 
outputs [8]. The proportion of decreasing inputs is typically associated with input reduction [9].  
Economically, this reduction reduces unnecessary cost resources. However, in some cases the reduction of 
relevant inputs such as labour could lead to social tensions [10]. Thus, it is important to have convenient 
input combination determining which inputs are to be maintained, decreased or increased for improving the 
outputs of an organization [11]. Additionally, conventional DEA models only consider continuous inputs 
and outputs. However, some inputs and/or outputs in many occasions should only take integer values [4, 
12]. For example, inputs such as the number of employees, desktop computers and vehicles and outputs 
such as the number of cases solved by a police unit and articles published by an educational institution have 
to all be integers [4]. Thus, this paper develops an advanced radial DEA model dealing with mixed integer 
programming to improve output values through the combination of inputs. The model simultaneously deals 
with real values of input combination and integer output values which are valuable for situations dealing 
with input combination to improve integer output values as faced by most organizations.   
This paper is organised as follows. Section 2 provides literature review related to the work of input 
combination in DEA models. Section 3 addresses the fundamental concept of hybrid DEA models. Based 
on this concept, we then propose BCC model that improve integer output values. In addition, some 
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Radial DEA models sought to achieve proportional reduction of input increasing (input oriented model) 
or proportional augmentation of output shortfalls (output oriented model)[12]. However, in real life 
application some inputs are needed to be decreased, maintained or increased their current level. Thus it is 
important use the convenient input combination for improving outputs has long been argued in previous 
studies (e.g.,[ 9, 13, 14, 10]). There have been many studies investigating input combination, For example, 
Cooper et al. [15] proposed a model for improving congestion managerial and applied it in Chinese 
industries. They used input combination to decrease capital input and increase labour input obtained from 
construction results. These results consistently identify a combination of inputs which is suitable for the 
society status. Thus it is important to employ convenient input combination for producing the optimum 
amount of output. Meanwhile, Cooper et al [13] proposed two methods in DEA to identify and analyse 
input congestion.   
The input combination has also been studied by Jahanshahloo and Khodabakhshi [10]. They used radial 
BCC variable return to scale model for improving output and applied it using the data of Chinese textile. 
Through the proposed model, they illustrated that any changes in input should be accomplished and also 
identified which inputs must be decreased or increased. In some cases, the combination of input which 
depends on decreasing all inputs such as labour can lead to crisis. So, they suggested which inputs need to 
increase and which inputs need to decrease.  Meanwhile, Färe & Grosskopf [16] explained the distinction 
between two models of measuring congestion and  modelling technology.  
Khodabakhshi [17] addressed  convenient BCC variable return to scale model for decision makers for 
improving output by input combination. The author concluded that it was necessary to use input 
combination for obtaining much better output and ranking efficient DMUs [18],. He also proposed another 
model which was a super efficiency model to improve output during input combination and applied it on 
empirical data.  Mohammad Khodabakhshi [11] used an input relaxation model to measure the efficiency 
score in “stochastic data analysis”. He proposed an output oriented BCC model to compute input 
congestion of the assessing units by improving model output based on input combination. In addition, it 
reduces the time required for practical applications. The data used in his study represent 12 business 
schools in Canada.   
The input and output values in the mentioned studies are always deemed as real values. To improve this 
state, some studies on integer DEA models have been conducted (e.g.,[ 5, 13, 17, 18, 19]). Lozano and 
Villa [4] are the pioneering authors in this area. They proposed a mixed integer linear programming (MILP) 
DEA model considering the required integrity of the performance target. However, their model has two 
shortcomings. First, the model only assumes all input and output values are immediately taken integer 
values leading to the violation of the convexity condition, return to scale and free disposability of DEA 
models. This made the model unsuitable for a problem with foundation of minimum extrapolation.  Second, 
their model could lead to overestimated in efficiency results, since the model restricted convexity 
conditions as integer values. 
To tackle these two shortcomings, Kuosmanen and Matin [14] developed a new notions for integer 
valued DEA models. The model introduced a new foundation of natural divisibility and natural 
disposability and new axioms to avoid the overestimation cases occurred in computing efficiency scores.  
The model has been a new reference technology for integer DEA models under constant return to scale 
(CRS). The model was later improved by Matin and Kuosmanen [19] by including other states such as non-
decreasing, non-increasing, and variable return to scale.  Khezrimotlagh et al.[20] meanwhile argued that 
the integer input targets proposed by Lozano and Villa’s model [3] could be less than the integer input 
targets  obtained by Kuosmanen and Matin’ model [14]. 
To develop the efficiency analysis for convenient combination of inputs for improving integer outputs 
values in DEA models, we deal with radial BCC variable return to scale model and develop the efficiency 
analysis for convenient combination of inputs for improving integer outputs values in DEA model. The 
model helps decision makers to get insights into the performance of homogenous set of DMUs which their 
some or all improved output variables must take integer values so that decision makers can perform further 
analysis to support managerial decisions. 
HYBRID DEA MODEL  
Based on Matin and Kuosmanen [19] extended the set of observed input and output data as 
INI III and INI OOO .  NINI OI ,  and II OI , represent the subset of real and integer values for 
input and output variables respectively in production possibility set (PPS). These subset subjects to the 
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reality and integrality restrictions without any effect on the generality and postulate to be mutually disjoint 
[14].  Based on the above notations, the mathematical formula for any positive input and output vectors (x, 
y) can be written as  
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   Develop BCC Model for Improvement Integer Output Valued 
 
In many cases of realistic application some or all output variables can only take integer values.  Such as 
number of graduates’ students, number of passengers and investments…etc. However, this requirement has 
not been considered in BCC DEA model. Thus, this paper proposes an integer DEA model for 














































































s~,s,s,s,s  denote the non-radial slacks,  0  is an efficiency score of the model, while 0~ Iry  
represents an integer reference point for output IO . DMU0  deemed efficient if its efficiency score 10  
[18].  It is clear that the model discriminates between two types of input slacks. The first type of input 
slacks is 1is  which represents the decreased amount of input i.  The second type of input slacks is 2is  
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which represents the increased amount of input i [17]. Whereas 0NIrs  represent the absolute difference 
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integer output restriction [19]. We note specifically that 0~ Irs and 0Irs are two totally various slack variables 




while 0Irs  in the integer constraint is used to gauge the distance between the integer output reference target 
q
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  are not necessary to be integer [18]. In 
the optimal solution, at most one of these two input slack variables must be a positive value [17]. The 
definitions of efficiency for DMU  under evaluation are defined as follows:   
 
Definition 1 (BCC Efficiency): A DMUj (j=1,…, n) is BCC efficient if all three conditions are satisfied 
[6]. 
i) Efficiency score  is equal to one.   
ii) All slack values ( 00021 ~,,,, IINI rrrii sssss ) are zeros.   
iii) The weight of DMU, 0 .  Otherwise, the DMU is BCC inefficient.   
 
Definition 2 (Technical Efficiency): DMU0 is technical efficiency if and only if any improvement in some 
outputs or inputs will worsen other outputs or inputs [8]. 
 
Definition 3 (Technical Inefficiency): Evidence of inefficiency is present if it possibly improves some 
outputs or inputs without worsening other outputs or inputs [10]. 
Definition 4 (congestion): Congestion is present if and only if reductions in one or more inputs lead to 
increments in one or more outputs without any decay in other inputs or outputs.  Proceeding contrary, 
congestion happens if increments in one or more inputs lead to decrements in one or more outputs without 
any improvement in other inputs or outputs [8].   
 











sssss is the optimal solution for the proposed model, then a 
nominal DMU with output and input combination 0000020 ,,( ININI rrri ysyssx
)~, 0000 III rrr sys  is efficient [10].   
 








s~ss, is feasible solution for the model. Thus,  the proposed model is always feasible 
[11].   
 
 
CONCLUSION AND FUTURE WORK 
 
A DMU deals with integer values of some or all of its inputs and/or outputs to improve its performance.  
The performance consequently depends on the decreasing of relevant inputs such as labour which may 
cause society problems. It is thus significant to have input combination for increasing outputs which have 
to take integer values.by increasing some inputs which are lead to improve the performance of DMU 
through increasing cost of those inputs what was proposed model in this paper. This is the main idea for our 
proposed DEA model in this paper. For future work, the model will be tested using real data or numerical 
examples. We will incorporate input congestion into the model.   
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